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General questions and the derivation of three~dimensional linearized equations for arbi-
trary subcritical deformations (linearized equilibrium equations in stresses) have been
examined in a number of papers [1~11], Particular forms of the elastic potential [3, 9,
12~16] have been applied in the derivation of the linearized equations in displacements
for arbitrary subcritical deformations and in the solution of problems for a three-dimen~
sional elastic isotropic solid in the majority of papers, For some of these problems, gene-
ral solutions have been constructed in the case of homogeneous subcritical states [3, 14],
The linearized equations in displacements for an arbitrary form of the elastic potential
have been obtained in [&], and a number of problems have been considered in such an
approach [8, 17, 18],

Following [4], three~dimensional linearized equations in stresses are examined below,
where components of the Green's finite strain tensor are chosen as strain characteristics,
Linearized equations in displacements are obtained for an arbitrary form of the elastic
potential, In the particular case of homogeneous subcritical states, general solutions are
constructed which have been expressed in terms of the solution of second order equations
for a solid with arbitrary cross-sectional outline, Proceeding from the general solutions,
characteristic equations are obtained for a number of problems for an arbitrary form of
the elastic potential, Certain forms of the elastic potential utilized in the literature are
presented, Numerical examples are considered,

1, Formulstion of the problem and method of investigation,
The equilibrium equations for arbitrary strains in Lagrangean coordinates which coincide
with the Cartesian coordinates before deformation are (4]

[Sin,* (6mvl o A, n)l-.i =0 (i, m=1,2,3) (1'1)
We can write the boundary conditions as [4]
]Vijin* (6mn, ‘i" um, n) == Pm* (12)

Here the NV ;are the normal directions to the body surface before the strain, P,* the
components of the external force vector along the axes of the Cartesian coordinate sys-
tem, which act at the same point of the body surface after deformation, but are referred
to unit area before deformation, The other gquantities can he represented as follows:

Si* %ij i i* 2
Si;7 = ‘37;' T"‘j;“jf]_ ’ S, = V(l + zsnn) (1 -+ 25mm) e (ZEnm)
14 By = VT 2655, 2055 =1ty,;+ s, + Uy, i U, j (1.3

In (1. 3) there is no summation over {, j, n, m; i, n, m are an even commutation
of 1, 2, 2; ©,;;* are generalized stresses [4], ¢;; are the physical components of the
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Bifurcation of the equilibrium state of a solid 1051

stress tensor, & ; are the elongations, S*y / Sy is the change in area of the areas deter-
mined by the direction NV, €;; are components of the finite strain tensor,

According 1o [2, 19, 4], the generalized stresses o;;* are defined in terms of the elas-
tic potential (0 as follows: | 1 ( 5 @ ) ®

% =

%5 (1.4)
aCij ! a\‘/ji
Let us assume that the elastic potential is a twice continuously differentiable function
of three independent algebraic invariants
(D == (I) (Il* 12: 13)» Il = Enns ]2 = E’nme’mnv 13 = en}lghmgm»’t (1’5)
Hence we can write
0% = (Iy, Loy 13) 8;5 + ¥y (44, Lo, 1) e + 9, (4, 1y, 1) E€intpnj
Yy = 0D/l P, = 200/dl,, P, = 30M/01, (1.6)
The first expression in (1, 6) can be obtained from the relationships between two
coaxial, symmetric tensors of the second rank [20),
Following [4], let us linearize the relationships (1.1)—(1.6), To do this we represent
all the quantities as
* %2 * ’ 1 ’ o
Sin 2= Oin b Giny W = wS w855 = 80 + &y (1.7
, g # #*0 *
Ik = I/eo -+ Ik, veey Pm = pm+ P,

The superscript ° here denotes all quantities in the unperturbed state determined from
the relationships (1.1)—(1. 6), while the perturbations are unmarked,
As a result of linearization we obtain

155 Bam + Uoan ) + Gialim, ul, 3 = 0 (1.8)
and the boundary conditions
Nilsin® Opm + o, n) 3*{;11.,,“ al == P* (1.9)
The linearized relationships (1. 6) become
Gi* = T Ay;; -+ Bey; -+ Cieng + Dijin (1.10)

wherein the following notation has been introduced

AL o I° b oo 3s°

Apis =8 5= + &5 7= T+ Binbnj 57+ Lin= €in P’
wi = O gp e T B ar,
Dm’ == 3?13‘0'43201 B = wlc- L=e,, Iy= 28 nmBmn (1‘11)

R k- L ] R ? .
Ir= 361171:6&?8?1)\1 zgij = Ug, ot Wj, 5 T Us,illy, + g,y i U,

Substituting (1.10) and (1.11) into (1. 8) and (1. 9), we obtain the equations of bound~
ary conditions for the problem of bifurcation of the equilibrium state of a three~dimen-
sional elastic isotropic solid under arbitrary subcritical strains for an arbitrary form of
the elastic potential, hence it is necessary to take account of the representation of the
quantities \; in the terms of the elastic potential (1, 6),

It must be noted that the generalized stresses o;,*° are defined on the body surface

in terms of P, *° as follows: *s

Nisz‘: (‘Smn + u:n, n) = pm (1.12)

let us turn to an analysis of the homogeneous subcritical states,
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2, General solutions for homogeneous suberftical states, letus
examine the case when the subcritical state is defined by the following displacements:

U = 04 (A — 1)z, E;"=7 —1, A, =const 2.1
It follows from (1. 6) and (2,1) that the subcritical state is triaxial
S = Pr*y G0 =0, i%m (2.2)
To determine the quantities 0,,,,*° from (1.6) we obtain the expression
0D ., aw°e . ., (M —1\?90° :
Smm = EYIcien (hy> —1) EIR + 3 (m—g— ETcl (2.9)

There is no summation over m in the relationships (2.2) and (2. 3).
According to (2,1),(1. 3) and (1. 5), we obtain values of the quantities of the subcriti-
cal state, and according to (2, 1) and (1.11), values of the perturbations

260 =0, (P — 1), " =Ya(huhn —3),  [®="a(u* — 1) (b — 1) (2.4)
I =Y (M2 — 1) (A — 1) (h* — 1)
2e5; = Mty j + Mg, 00 L1 = Aplbp, s Iy = (A7 — D) A, (2.9)
I3 =34(A2— 1) Attn, ) n=1,273

Taking account of (2,1) and (2, 2), the Egs, (1. 8) and the boundary conditions (1. 9)

take the following form: [G:mlm + s?i'un 1,=0 (2.6)
N [Simhin | G i, 1] = P (2.7)

Taking account of (1.6),(1.10), (1.11),(2.1),(2.4) and (2. 5), we obtain
315 = 8350 iehelty,  + (1 — 835) Gy (auq, 5 4 My, 4) (2.8)

wherein we have introduced the notation

m° " s AP ° o [ ME1 )2 ¥ ok
NP . S T &/ Y-S, ( S S :
@ik [-611°01i° -0 =N grar 5( o a/3°a1toJ -

. o M1 ‘ R 1) L e
X [% (AT = 1) 00+ 3 (“}—gﬁ\) ‘313] - ‘3“@{2 5(7? F 3 (et — 1)«"1‘%)74 '
- 19

IR LS R

— e ) ——
J 2 {VH dl.° 2 Aals”

1T ‘

(2.9)

It follows from (2. 8) and (2, 9) that the matrix || b;, || (b;p = a;xhy) is not sym-
metric in the general case ; therefore, the relationships between the increments (pertur-
bations) of the generalized stresses and the derivatives of the increments (perturbations)
of the displacements do not agree with the corresponding Hooke's law relationships for
an orthotropic body under small deformations.

Substituting (2, 8) into (2.6), we obtain the fundamental equations in displacements

]/,,,,A;llj =0 (J,m=1,2, 3 (210)
where
. U T
L= a,;}; “57”;;;;{7 A (1 —=98;,) Gk e
0 VG S b 5" o » 9
(1 —0,,) G mh; Fr A im A7 (2.11)
4 ¢
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We represent the solution of the system of equations (2,10) in one of three forms, or

as their linear combination adet| L

G rs 0 (7) .o
i == e T 1y (ih7=1,2,3 (2.12)
There is no summation over j in (2,12),

The functions @) are determined from the equations
det|L,,| ®¥ = 0 (2.13)

Substituting (2. 8) into the boundary conditions (2, 7), we derive the boundary condi-
tions in displacements, but do not present them,

The quantity P°,, {(§,,* / §,.)° (not summed over m) can be considered as the inten-
sity of the surface loading referred to unit area in the body before deformation, Let it
be denoted by T'p,,°. We hence obtain

T = oo Ay (notsummed over m) (2.14)

The relationships (2. 3) and (2. 14) are useful in solving particular problems,
let us investigate the case when the equalities

511 022 +0, 5;; +0 (2.15)
are satisfied, or what is identical
1 = Ay == 0, A, == 0 (2.16)

We see from (2, 9) that the equalities
Qi1 == Ggy, Qi3 = Aoy, 26y = Ay — Gy @y = 4y 247)
are then satisfied,
Taking (2.17) into account, we represent the solution of (2,13} as

(2.18)
DG = O, 4 D, - D, (01:12 -+ a@g —+ ;2 e > = (0 (not summed over ;)

The quantities L% are roots of a cubic equation, which we do not present because of
its awkwardness, We obtain the following values of the roots as a result of solving the
equation :

Gis -+ 033¥°A2 - (ass + 633%°As™%) (G *0) -2y 11/,
2 o o T 08 A1 I = 2 _(om + 033¥°As™%) (G1s - Og 1)JL
& Grz-Gu*A 2 7 Cas ¢+ [C (211 + 51:%°A172) (Gis + 611*°As72)
20 = ass -}~ c33%°As ™2 Giz -+ 633%°Ay 2 _ {a13 -+ G1s)?
Gis -} suAs 2 an -+ su*°Ai? (a1 4 o11*°A172) (G1s + 511 *°hs™%)

(2.19)

lLet us proceed as follows to determine the displacements, Let us set
V=0, OP=0, O¥V=d,+d, u;=u’—u®+u¥ (2.20)
into (2,12) and (2.18), and let us introduce functions ¥, which are solutions of (2,18)
and are connected with the functions @, by the relationships

W1 = (@12 + G13) (G 611*A37H) Mgy (83:1 ] 0 ) {“(?i‘ -+ “’é'z‘; +

Oxg Oy a.‘zz

ass -+ 59s¥°As™2 . {a13 -} G1s)?
+ [ Gi3 + cu*°hs™? (a1z + Giz) (G1z + on*°As™%) } dzg? } D, (2.21)

07 ~ a2 a2
W = (@13 + G13) (Giz + 611* A% Mdg (‘a—n? -+ e + 2 Ti}) @D, =23
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We hence obtain from the expressions (2.11), (2.12),(2.17)—(2.21)

__a a2 . i ¢
Uy == 3z2 ‘Fl - Az1973 (\F2 -+ ‘F3), Ug = — 971 ‘Yl - dz201s (\Fz -+ ‘ya)
{2.22%
\&. bl

M oan4ou*M? ( a 92 Gis 4 og*° M2 32 ¥
Ug = As ais + Gis dz® + Ozl + ay -+ on*°M?  Jdr 2) (¥z + W)

The general solutions (2. 22) for a curved cross-sectional outline become

& ad o2
3 L » —
Hy = T,j:; \P'l - andzs (\I 2 'f" \1)3)1 My = — -5".; \P.l e Fr . (\Fg + \Fg) (2.23)
— A oan 4su®i 2 (Gl3+ S5g* A2 ¢ 2 WV,
3T As ais -+ Gia dr? |\ an 4 on¥A? 2 ) 2

i ( G1s - 533*2&1:2 _ ;.32) \F"i‘l
SO\ an 4 au*°MTe _

Here u,, is the displacement along the normal, and u, the displacement along the tan-
gent,

Let us write the boundary conditions on a cylindrical surface for a curved outline when
the Ouzy~axis coincides with the cylinder axis, After a number of manipulations we
obtain from (2, 7)

M@ A 610" M) (U=t Ny = 1N o) A 2% gg (U y—uaNy o 4 1Ny )

4 Mhsaygtg s = P ¥, R PG (1 -+ Su* MG Y (Ugon 19N, —  (2.24)

— Ny ) bty = U Ny o — Ny (I = P*, G [Arhate, 5 - AP (1 4
o R My Y g ] = PyF, P = PN PNy, P F e PNt PN,

For a circular cylindrical coordinate system, the boundary conditions (2, 24) become
after a number of manipulations
AP (@11 A+ o0 Uy - APl (P Mg + 77M0,) - AqRaysliy g = P¥
M*Gra (1 + o A2 Gaa ) gy 4 770Uy 0 — rlug) = Po* (2.25)
Gig [Ahglty 5 ~- Ay (1 5% 037G 3™ g, ] = Pg*

Let us write the boundary conditions for #; = const. From (2, 7) we obtain
Gis [M? (1 + 533%°0 *Gs™h) Uz + Mhglis z] = Po*

Gas [A2 (1 - g™ My *Gas ) tig,a =+ hihgtiz ] = P
ay3hihg div u -+ Ag? (az; — ayshihst S3a* A ) Ug 3 = Py*

(2.26)

It must be noted that the quantities P*, Pg*, Pg* in condition (2, 26) do not agree
with the analogous quantities in condition (2, 24).
. *°
Let us examine the case of plane strain in the z,z, plane, when gy;=~0, and 0,;*°=(,
In this case, we have the following relationships for the perturbations:
on* = @y ki1 + Qrshstig s, S15% = Gyg (Mliy 3 - Aglig 1) (2.27)
Sg5% = daihilty,1 -+ Gashslls s, o15* = o™
The displacements are determined as follows:
o2 - a7 .. N
= [ Grhs o + (ass + 056*hs™) hs i | (Fa 4 o)

a2(Y v
Uy = — hy (@13 + G1a) ‘““‘(73;1—;—"‘"%3} (2.28)
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The functions W; are solutions of the equations

J? . 00 . .
('6_351? + & m} ¥, =0 (i=2,3) (notsummed over i) (2.29)

The boundary conditions for x; = const have the form

0‘11*}.1 == P]_*’ 613*113 e P3* (2.30)

We apply the results expounded in this Section to the solution of a number of problems,
For these problems we shall obtain characteristic equations for the general form of the
elastic potential,

The boundary conditions in displacements are written as is customary,

In evaluating the quantities a;; and &;; by means of (2, 9) for plane strain it is neces-
sary to introduce the simplifications inherent to plane strain,

8, Characterfstic equations, Let us examine the stability of a cylindrical
shell of thickness 2k, length { and middle surface radius R for compression along the
generator, In this case it is necessary to set 0‘:; = ( everywhere in (2.19), (2.23) and
(2.25), and to consider 0:3. negative, For the nonaxisymmetric buckling mode the solu-
tions of (2,18) are selected as

Wy = [Amnl, (1T0) + A (Yor) sinyzssinnd, v =mx/l  (3.1)
¥y = [AR L, (vGr) + A2 K, (YLir)l cosTzzcosnf (i —2,3)

when the solutions are selected in the form (3,1) on the shell endfaces, hinged support
conditions are satisfied, In (3,1) and below, J, and K ,denote the Bessel functions of
pure imaginary argument and the Macdonald function [21], Substituting (3.1) and (2.23)
into the boundary conditions (2.25) for P,* == Pg¢* == P3* = 0, as a result of the
customary procedure, we obtain the characteristic equation in the form

det Jo;;[ = 0 G J =12 .40 3.2)
where we have introduced the notation

2b1n51 2bin (n —

o3y (Fnsty L) = Tt o Toyg [G (- &) + W[ 1L (% +€)] (3.3)
1 (Ingts Lo Ta) = — st L [La (2 + )] +

o+ ko + 2EE=D L L+ 0))

3=y (— Knu, K,), apa=o53(— Ko, KpyBo), a5==ayy (Unig, Iy, s)
bin

0(145—2—0&3("](7”1 Km Cs) “31(11;) T(x-i-a) —— [;1(”‘!‘8)]1 Agg = Ayy (Kn)

s Tty T o) = (&® o Faa) Lo (0 (0 2] + 0B 115, (- 0))

2 2 1 —
oy (Tnets T B) = — 208 Lt (8 (x4 ©)] - Lo T (Lo (e + 2)]
Ogy = g1 (— K., K,). oisg = %55 (— Kpat, Kn— £a), g5 = g3 (Fnst, I, C3)
055 = 0t53 (— Kn.1. K, La). % = mnR/l, e = mnh/l
ky = (@13 — S33™ A'1 Yan., k= a;(Gis+ 533*°M %) anGas,
by = Ga(ays + Giy)lan
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To determine the elements of the second, fourth, and sixth lines, it is necessary to
reverse the sign before the ¢, in the first, third and fifth lines, respectively, In the case
of the axisymmetric buckling mode, we select the solutions of (2, 18) in the form

Yi=0, W;=[4AYT (L) + A2 K@tinlcosyes  (i=2,m 34

For i,j==1, 2, 3, 4 the characteristic equation has the form (3, 2).

Let us represent values of the elements of the determinant as
2bil2
%4+
op=an( — K, K00, ows=1n(I,1,5), an=in(— K KL

as (J1,80) = (G2 + kale) I (Do (¢ d-8)],  am=am (— K1,8a)

oy = asn (1,03), gy == 2 ((— K1,89)

oy (J1.1,02) = — LifLa ()] i (Lo? - o) T [ L2 (% - €)] (3.5)

To determine the elements of the second and fourth lines, the sign in front of the ¢
must be reversed in the elements of the first and third lines, respectively,

Let us consider the formation of an axisymmetric neck of length / in the tension of
a cylindrical sample of radius R. To this end, wé set A’;}’m == (0 in the solution (3, 4), and
substitute (3. 4) into the boundary conditions (2, 25) for p.* = Po™ = P*; = 0. As a result
of the customary procedure we obtain the characteristic equation in the form (3, 2) for
i, j = 1,2, The elements of the determinant are the following:

26§ .
1 (@) = — N h G G R T @0, an=om (@) (3.6)

o (B) = Go(C% + R (E%), gy = agy(Lp)

1f the Macdonald functions replace the Bessel functions in (3, 6), and the sign before
the K, is reversed, then we obtain the elements of the characteristic determinant for
the problem of surface instability of a cylindrical cavity under axisymmetric deforma-
tions, The length of the neck is found by minimizing the roots of (3,2) and (3, 6) for
i, j =1, 2.
Let us examine the stability of a rod of length [ of circular cross section with radius
R under compression, Let us limit ourselves to the plane buckling mode for the hinge
support case in the z,z, plane, Let us select the solutions of the fundamental equations
(2.18) as
Yy = A,ill) I1(v8ry sin Yxasin 0, F; :A,fj’ Fi{yg;r) cos yracos § (=23 (3.7
As a result of the customary procedure we obtain a characteristic equation in the form
(3.2) for 4, j == 1, 2, 3. Values of the elements of the determinant are
g == (@ — ox2) ®Gale (1),  qaz (Ge) == san (xLe) 11" (nle) + arax®lela (xL2) -
4wl (a1 4+ Gy M (G + 3™ M — an 58 Iy (ne), 1= ()
aor = wiile (b)) — (w8 117 (x81), e (§2) = — 2nCatz (o) (3.8)
2oy == o2 (L3}, A = Iy (b1), e ({o) = %% (ma + Guo) ™t (ars —
— 333 172 4 Cefan) Iy (wLe), sz = sz (Cs)

It must be noted that the quantities {;2 in all the expressions (3. 3), (3. 5), (3. 6), (3. 8)
must be computed by means of (2,19) for o}, = 0, where o}, < 0 in (3.3),(3.5) and
(3.8),and o}, > 0 in(3.86).

Let us examine the stability of a rigidly clamped circular plate of thickness 2k and
radius R under uniform compression in the z,x, plane, The solutions of the fundamental
equations (2, 18) are selected in the form
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) ® %
Yi=407 ( - r) sh WZT zesinnd,  J,’(5,) =0 (3.9)

Y, =4, (ir)ch—xf——zgcosne =
i kn Yn R Hgi ’ 1=2,3

It is necessary to note that the boundary conditions are hence satisfied in the integral

sense, and o’;; = 0. For the axisymmetric buckling mode the solution becomes
) %y %y
Yi=0 ¥;=A47 ( & ) ch?ﬁ? z3 (i =2,3) (3.10)

Substituting (3, 10), (2, 19), (2.23) into the boundary conditions (2, 26) for P,* = Ps*=
= P3* =0 and 0;; = 0, after a number of manipulations we obtain a characteristic
equation in the form (3.2) for i, ; = 1, 2. We represent the elements of the determinant

as
1 a1 + on*°Ar"2 G wg  h
o1 (Le) = Tr [aaa 11111 T G ( i 5111*°?»1‘2 — sz) -+ a135e? -]Sh W R’ (3.11)
[ an4on*M? Gis . ) ] g b
qdat (Cz) - [ G13 + Gla ( a1 + 511*07\,1_2 —_ cZ —1 ch C,‘Z IR

ajp = an(ls);, e = ag(§y)
It was assumed that ;03 5= 0 in deriving the characteristic equation,
Let us examine the stability of a hinge~supported reetangular plate of thickness 25,
length a and width » under uniform multilateral compression, i. e, for 0’;; = 0. We take
the solution of (2,18) in the form

Y 4 7 2 T V21
‘P1:Am(,1l)sh ?x3cosm7 x1c0S n JT:zz, T:[(m-—) —i—(n"b—} }

i i . . x .
¥, = Am(7? ch E- zzsinm — zisinn 522, i==2,3 (3.12)

After a number of manipulations a characteristic determinant can be obtained whose
elements have the form (3.11) if the %;/R therein are replaced by v.

Within the scope of plane strain, let us examine the stability of a hinge-supported
strip of thickness 2k and length / under compression along the Ozz-axis in the 7y
plane, We select tiie solution of (2.29) in the form

n b n
Y+ V3= (Ach s faz1+ Bch T {az1) sin T % (3.13)

Substituting (2, 27), (2,28),(3,13) in the boundary conditions (2, 30) for P1* = Py* =0,
we obtain a characteristic equation (3, 2) as a result of the customary procedure, for
i, j = 1, 2. The determinant elements are
a (a;n —}— '333"0}.3—?‘) ~— ais (1113 + Gla

anGis

ags 4 635* A2 }
ais Vi

[ L lenat ’ 14
an (La) = Lo ] o? — shad, a=n——(3.14)

chals, oo == a1 (Ls),  @np = a1 (l)

as ({2) = < L2 4

Let us consider the surface instability of the lower z; <{ 0 half-plane within the scope
of plane strain under compression along the Ozz~axis, The concept of surface instability
was apparently first introduced in {227, where the surface instability of a half-plane for
an incompressible material was investigated, We take the solution of (2,29) in the form
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.1 .
Yo Wy = (A exp 5 szl—l—Bexp Laz1) sin —— 23 {(3.15;

As a result of the customary procedure we obtain the characteristic equation in the
form (3,2) for i, j = 1, 2. The determinant elements are

an (a3 + 633" As™%) — a3 (a1 + Gis)
a11G1s
.Gz +- Gag*°hg™?

ais

an (L) = &e [ La? —
ag (Ge) = & +

] , 2= dn (23)
, age = o1 ({3) (3.16)

Here !/ is determined by minimizing the roots of the characteristic equation, If chal;
and sha{; are interchanged in (3. 14), and it is considered that cr > 0, we then obtain
the characteristic equation for the problem of the formation of a neck in a plane sample
under tension,

Let us consider the internal instability under compression along the Ox,-axis,i.e, for
o;l = 0 and 0 < 0. The concept of internal instability was apparently first introduced
in [23], where thxs phenomenon was examined also for plane strain, Internal instability
is understood to be the phenomenon when the solution of the hyperbolic equation appears,
The appropriate value of the loading parameter at which the mentioned phenomenon is
obtained, is called the critical value, From (2,18) and (2.19) we find that the critical
value of the loading parameter is determined as the least root of the equation,

Gig + Oy A2 =10 (3.17)

It must be noted that the quantities 0;3 and ou’ are negative in all the characteristic
equations, with the exception of the cases when a neck is formed in plane and cylindrical
samples under tension,

All the results of this section have been obtained for an arbitrary form of the potential,
and only now must the form of the elastic potential be made specific in order to obtain
numerical results,

The form of the characteristic equations is simplified considerably for thin-walled
structures if expansions of special functions in the thin-walledness parameter are used,

We hence obtain algebraic equations in place of transcendental ones,

4, Blastic potential forms, From (1.6) and the relationships proposed in
[19, 24], a correspondence can be established between the quantities 1, ¥,, ¥, and
K*, G*, 0* [19, 24]; hence, the quantities a;5 and G;; of (2,19) can be expressed in
terms of K*, G* and w*and their derivatives, Therefore, in the presence of experimen-
tally verified dependences of the quantities K*, G* and @* on the invariants of the
strain tensor for a definite material, then numerical values of the critical parameters
can be obtained from the characterisitic equations of the preceeding section, Taking
account of the notation in [19], let us express the values of the quantities ,, P, and 4,
in terms of values of the quantities K*, G* and ¢ * and the strain tensor invariants
e, e° and ¢ introduced in [24]

. cos (3 ©* . V3 sino* {2, 4., 1
Yo = %% = K*e - 2G* l[_ écg’s;—w Le T Te% cos 39 [_ (€ — ) e2]}
(4.1)

od *[cos(&p + 0*) 2 e sino*
=255 ar, = 26G | 3cos3p T Y3 e sinde
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bije) V_S sin o¥ (C()nt.)
P = 3?73— = 2G* {" e° cos3q>}

Substituting the partial derivatives of the potential (4.1) into (2. 9), we obtain values
of the quantities a;; and G,;, expressed in terms of the quantities K*, G* p*, e, ¢°,

@. It must be noted that , = I, € = VI, — el ® (4.2)

The relationships (4.1) are simplified considerably if the deviators are similar, i, e,
the phase of deviator similarity is ®* = 0. In this case we obtain from (4.1)

o0 _< * 2 P 1 il
aly ,K —-gG )e’ als :~3—G ' ols =0 (4.3)

Therefore, (4.1)—(4. 3) afford a possibility of obtaining numerical results from the
characteristic equations of the preceding Section when the connection between the com-
ponents of the generalized stress tensor and the finite strain tensor is given in the form
of [24].

A detailed discussion of the elastic potential forms for incompressible rubberlike mate-~
rials can be found in [2, 25], where recent results can be found in the latter,

The elastic potential is selected in [3, 14, 9, 15, 16] in a form which outwardly agrees
with the form of the elastic potential for small deformations, and naturally goes over
into it for small deformations, No experimental verification of this kind of elastic poten-
tial has been performed for any material in the mentioned papers, In the notation taken
herein, this potential can be represented as

O = pl, + s 12, A, n — (Lame parameters) (4.4)

A material with the potential in the form (4, 4) is called "semilinear” in [147], and
"harmonic” in [9, 15, 16], in relation to the singularities in the solution of the boundary
value problems for such a material,

Let us write the values of some quantities obtained from the potential (4, 4). From
(1.6) and (4.4) we deduce

Yo=Al;, Py=2u, Py=0 (4.5)
From (2. 9) and (4.4) we obtain
aij == & + 28845, Gij=p (4.6)

Therefore, the relationships (2, 8) and (2. 9) seem to agree with the relationships for
small deformations of an isotropic body,
For the three~dimensional problem we deduce from (2. 3), (2, 4) and (4.4)

oy = MM + M2+ At — 3) 4 p(h? — 1), 035 = o hM® A+ AP o A — 3)
+u e — 1)
ofs = Yoh(M? + A + A2 — 3) + p(he* — 1) (4.7)

and in the z,r3 plane for the plane problem

oy, = Yo(M? + A — 2)A -+ p(h2 — 1), 0% = Ya(h? + AP—2A + p(hs? — 1) (4.8)

Note, The investigation of the characteristic equations of the preceding Section is
simplified substantially in the case of the potential (4,4) since the quantities a;; and Gy
in (4.6) are independent of A; and the components of the subcritical state of stress are

expressed simply in terms of A, in the relationships (4. 7) and (4, 8). These equations are
almost the same as the corresponding equations of the theory of small subcritical defor-
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mations, A number of results within the scope of the potential (4, 4) has been obtained
in [3, 14, 16, 9]

5. Numerical example, within the scope of the potential (4,4), let us inves-
tigate the stability of a strip of thickness 24 and length ¢ under compression along the
0z3 ~axis, Let us examine the case of plane strain in the z;z; plane, and let us compare
it with the solution of this same problem within the scope of the theory of small suberi-

tical deformations [26]. In conformity with (4, 3), we obtain for 0’;: =0
Mot 5= ZET(L — v3)ol + 1, A2 = —2v(1 4 v) BT ok 1 (5.1)
Substituting (4., 6), (0. 1) into (3.14), we obtain the characteristic equation to determine
0;‘; = —p*.To accuracy of o == (nh/l)* we obtain
/ 17 4- 3v a2 E
P*ZPO('1 - T‘_“{;’”T5‘>s =TT (5.2)

let p denote the intensity of the surface loading referred to the area of the body before
deformation, According to (2,14),{5.1) and (5, 2) to the same accuracy

12 |- 8v az‘}

Pzp()(l———T:TTS‘ (5.3)

Neglecting deformations as compared with the angles of rotation [4], we obtain by the
theory of small subcritical deformations [26]

/ 12 — 2v o
Pzpox1~ T:'TTS—) (5.4
Therefore, both by the theory of large subcritical deformations within the scope of the
potential (4.4), and by the theory of small subcritical deformations, the value of the
critical loading is less than po. but their magnitude is different, It must be noted that the
magnitude of the critical loading depends essentially on the form of the elastic potential,
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